Abstract. Let A/Q be a modular abelian variety. We establish criteria to prevent a given quaternion algebra over a totally real number field to be the endomorphism algebra of A overQ. We accomplish this by analyzing the representation of Gal (Q/Q) on the points of N -torsion of A at primes N which ramify in B and by applying descent techniques to certain covers of Shimura varieties. Our result also applies to show that many Atkin-Lehner quotients of Shimura curves fail to have rational points over Q.
Introduction
Let A/Q be an abelian variety of GL 2 -type over Q of dimension g ≥ 1, by what we mean that the ring of endomorphisms R = End Q (A) is an order in a number field E of degree [E : Q] = g.
According to the generalized Shimura-Taniyama Conjecture, A should be isogenous over Q to a factor of the Jacobian variety J 1 (N ) of the modular curve X 1 (N ) for some N ≥ 1. Recent works by Dieulefait [3] and Khare-Winterberg [7] give a proof of Serre's modularity conjecture for odd level N , which in turn imply the modularity of A provided it has reduction at 2.
Let K/Q be the minimal number field over which all endomorphisms of A×Q are defined and let O = End K (A). It is expected that the possibilities for the triples (O, R, K) are very limited. In fact, a conjecture attributed to Coleman (cf. [1, §1, C(e, g)]) predicts that there exist only finitely many isomorphism classes of pairs (O, R) as above.
It is the purpose of these notes to address this question for absolutely simple abelian varieties A of GL 2 -type over Q such that B := End K (A) ⊗ Q E.
Under this assumption, it follows from Albert's classification of involuting simple algebras and the work of Shimura (cf. [15, Proposition 15 ] ) that g is even and B is a totally indefinite division quaternion algebra over a totally real field F of degree n := [F : Q] = g/2; let R 0 = R ∩ F . In particular, E is a quadratic extension over F and a maximal subfield of B.
As it is also known, E is totally real and K is imaginary quadratic (cf. Lemma 2.2 for a proof). Write E = F ( √ m), m ∈ F \ F * 2 , and K = Q( √ −d), d ≥ 1. Write D = disc(B) for the reduced discriminant of B. This is the square-free product of the finite ideals of F which ramify in B.
When F = Q, dim(A) = 2 and our main results boil down to the following statement (cf. Section 4 for the proof). For N ≤ 7000, there appear few abelian subvarieties A of dimension g = 2 of J 1 (N ) with quaternionic multiplication. These satisfy (D, m) = (6, 2), (6, 3) , (6, 6) , (10, 10) , (14, 7) , (15, 15) [4] for explicit details for N ≤ 3000).
For N ≤ 5400, N = 4225, 5000, even fewer abelian four-folds isogenous to a factor of J 1 (N ) appear to have quaternionic multiplication. We quote in the table below relevant numerical data for the occurring cases which was provided to us by J. Quer. In the column D we list the norms N F/Q (N) of the primes N | D. Closely related to our question is the problem of determining the existence of rational points on the various Shimura varieties attached to the quaternion algebra B. In Section 4 we use the material obtained in this work to establish necessary conditions for the existence of a rational point on certain Atkin-Lehner quotients of a Shimura curve. Let us state below one of the corollaries; for a square-free 
Quaternion multiplication over number fields
Let A/Q be an abelian variety of (even) dimension g of GL 2 -type over Q and let R = End Q (A) ⊂ E = End Q (A) ⊗ Q. Let K be the minimal field over which all endomorphisms of A ⊗Q are defined and let O = End K (A), an order in a division totally indefinite quaternion algebra B over a totally real number field F . 
, where ζ is a primitive p si i -th root of unity. For any prime N , the action of G Q on the Tate module V N (A) of A induces a Galois representation
For any prime ideal N of E over N , let E N stand for the completion of E along N and write V N (A) = V N (A) ⊗ QN E N . Since the representation R N is compatible with the action of E, it induces a Galois representation
The collection {r N } forms a strictly compatible system of E-rational representations whose exceptional set is S = {N | N A }.
The homomorphism r N is far from being surjective:
For any σ ∈ G Q the characteristic polynomial P σ (T ) of r N (σ) does not depend on the choice of N and its coefficients lie in the ring of integers R E of E.
If σ ∈ G K and we regard r N (σ) as an element of B N0 , then
. Here tr, n stand for the reduced trace and norm on B N0 , respectively.
Let ℓ be a prime and let L ℓ /Q ℓ be as in Lemma 2.1 the totally ramified extension constructed by Serre and Tate over which A acquires good reduction. The residue field of L ℓ is the prime field F ℓ itself. LetÃ/F ℓ denote the special fibre of the Néron model of the abelian variety A ⊗ L ℓ .
Let Fr ℓ ∈ Gal (F ℓ /F ℓ ) be the Frobenius automorphism. Let ϕ ℓ be an element of Gal (Q ℓ /L ℓ ) whose image in Gal (F ℓ /F ℓ ) under the canonical reduction map is Fr ℓ . By Serre-Tate's criterion [14, Thm. 1] , r N (ϕ ℓ ) is a well-defined element of GL 2 (R E ) up to conjugation.
It thus makes sense to define the (quadratic) characteristic polynomial P ℓ (T ) :
1 The proof only uses the fact that A is of GL 2 -type over Q and not its modularity.
We shall write a ℓ = Tr(r N (ϕ ℓ )) ∈ R E . By the work of Weil, |τ (a ℓ )| ≤ 2 √ ℓ for any embedding τ : E → C. By [10, Prop. 3.5 
There is a natural action of G Q on the ring of endomorphisms O = EndQ(A) of A ⊗Q. By the Skolem-Noether theorem, for any σ ∈ G Q the automorphism B → B, β → β σ is inner: there exists ω σ ∈ O such that β → β σ = ω σ βω −1
σ . In fact, ω σ belongs to the normalizer Norm B (O) of O in B, because β σ ∈ O for any β ∈ O. Since the endomorphisms of R ⊂ O are defined over Q, it follows that ω σ belongs to the commutator of E in B, which is E itself because it is a maximal subfield of B. In particular, ω σ ∈ R = E ∩ O. This induces a continuous homomorphism
By construction, K is the fixed fieldQ Ker(ψ) of Ker(ψ).
* is a character of finite order. Let us first show that E is totally real. Otherwise, E would be a CM-field. Let L be the set of primes
, we deduce in turn that ψ(ϕ ℓ ) ∈ F * , thus ϕ ℓ ∈ Ker(ψ).Čebotarev Density Theorem together with the fact that L has density 1 within the set of all primes (cf. [10, p. 251]) would imply that Ker(ǫ) ⊆ Ker(ψ), whence K ⊆Q Ker(ǫ) . By [10, Lemma 3.2], ǫ(c) = 1 for any complex conjugation c ∈ G Q onQ and we deduce that K would be totally real. Theorem 2 in [11] would apply to say that B is not division, which contradicts our assumptions.
Being E totally real, it contains no roots of unity ζ = ±1 and any non-trivial finite subgroup of E * /F * has order 2. As ψ embeds Gal(K/Q) in E * /F * , we obtain that K is quadratic. Theorem 2 of [11] implies that it is imaginary and (i) follows.
Write Gal (K/Q) = {1, σ} and let ω ∈ R such that ψ(σ) ∈ ω · F * . As we argued above, ω ∈ N B (O). Since
Since E is totally real, the character ǫ mentioned in the proof above is trivial (cf. [10, p. 244] ) and [10, Theorem 5.3] 
The case N inert in E
For the rest of the article we shall assume the following
Fix such a prime N 0 and let R 0 = R ∩ F , a suborder of the ring of integers R F of F . By saying that O is locally maximal at N 0 we mean that R 0,N0 is the ring of integers of F N0 and O N0 is the (single) maximal order of B N0 . Let k 0 be the residue field of R 0 at N 0 , say of ν := N f elements for f = f N0/N ≥ 1. Having this, the condition on N 0 not to ramify in E actually implies that N 0 remains inert in R, because E embeds in B (cf. [21, Ch. II, §3]). Let k the residue field of N = N 0 · R, which is a quadratic extension of k 0 . Reducing mod N we obtain the residual representation
Let π 0 be an uniformizer of F N0 . By [21, Ch. II, §1], locally at N 0 the division quaternion algebra B N0 can be described as
Since O N0 is a maximal order, the N-adic Tate module T N (A) is a free module of rank 1 over O N0 and we may write 
for some β σ ∈ k.
Proof.
Switching α σ by α τ σ and reducing mod N it follows that r N (σ) =
. In particular we recover the canonical character α N : G Q → k * as α N (σ) = α σ . Let c ∈ G Q denote a complex conjugation. As in Lemma 2.2 and its proof, for all β ∈ O we have β c = ωβω 
We shall denote
the composition of the local Artin reciprocity map together with the character α N acting on the canonical torsion subgroup C N . In particular, since Since A has good reduction outside a finite set of primes, and potential good reduction at those, κ is a well-defined integer. For a prime ℓ, let a ℓ = L, where L runs among the prime ideals of F above ℓ such that [F L : Q ℓ ] is odd, and let B(ℓ) be the totally definite quaternion algebra over F with disc(B(ℓ)) = 
Proof. Let ℓ be a prime and v a place of K over ℓ. Since the maximal unramified extension of 
2], C is either (i) a totally imaginary quadratic extension of F which splits B or (ii) B(ℓ).
In (i), A is isogenous overF ℓ to A 2 0 , where A 0 /F ℓ is an abelian variety of dimension g/2 with EndF ℓ (A 0 ) ⊇ C. In (ii) A/F ℓ is supersingular: it is isogenous to g copies of a supersingular elliptic curve.
If (i) holds, G is the the cyclic group of n-th roots of unity in the CM-field C for some n ≥ 1. As soon as n > 2, C = F (ζ n ). Since it splits B, no primes ℘ | D split in F (ζ n ).
If (ii) holds, [21, I 3.7] asserts that G is either a cyclic group, a dihedral group, or the binary group E 24 , E 48 or E 120 of 24, 48, 120 elements, respectively. If G ⊇ ζ n for some n > 2, then F (ζ) is a quadratic extension of F which embeds in B(ℓ) an again we deduce that no ℘ | disc(B(ℓ)) split in F (ζ n ).
Gathering (i) and (ii) together, this implies that no
By Lemma 3.1, there exists a surjective homomorphism fromr N (I v ) onto α N (I v ). Since α N (I v ) ⊆ k * , this is a cyclic group. The discussion above yields that α N (I v ) n = {1} for some n as in the statement. 2
If ζ n is a n-th primitive root of 1, recall that [
Note also that by the lemma above, 
Proof. Let us first show that
The image by ω of the tuple
is an elementφ ℓ ∈ G ab Q which reduces to the Frobenius automorphism Fr ℓ ∈ Gal (F ℓ /F ℓ ). Hence ϕ ℓ ·φ By Lemma 3.1, since det(r N ) = χ N we have 
During the proof of the above proposition we proved in passing the following.
Corollary 3.5. N ≡ 3 mod 4.
Since t is odd and ψ is a quadratic character, it follows from Proposition 3.4 that ψ(Fr ℓ ) ≡ ℓ t(ν−1)/2 mod N. As ψ(Fr ℓ ), ℓ ∈ Z and N = N 0 · R, this is equivalent to the congruence ψ(Fr ℓ ) ≡ ℓ t(ν−1)/2 mod N 0 .
Since the residue field of N 0 is k 0 , we obtain that ψ(Fr ℓ ) = ( As we show below, often the only possibility for K is the field Q( √ −N ). 
Proof.
It follows from Lemma 3.1 that for any σ ∈ G Q , the characteristic polynomial
where we let denote Tr = Tr k/k0 and Nm = Nm k/k0 . The congruence equation satisfied by P ℓ now follows from Lemma 3.1:
2 Fix a primeN ofQ above N 0 . For any ε > 0, let B(F, ε) = {a ∈ R F , |τ (a)| ≤ ε for all τ : F ֒→ R}. In order to ease the notation, set also λ ± = 2 ± √ 3.
If k = 24, Λ N0,k is the same set of primes ℓ as above with the further restriction
Theorem 3.11. Let F be a totally real number field such that ζ n + ζ −1 n ∈ F for any n-th primitive root of 1, n = 1, 2, 3, 4, 6. Let B be a totally indefinite quaternion algebra over F and let O be an order in B locally maximal at some ideal
Assume that for some ℓ ∈ Λ N0,k such that (
Then there exists no abelian variety
Proof. Assume such an abelian variety A does exist. Let ℓ ∈ Λ N0,k such that (
As we already mentioned, | τ (a ℓ )| ≤ 2 √ ℓ for any τ : F ֒→ R. It follows from Definition 3.9 that a ℓ = √ ℓ(ζ κ + ζ −1 κ ) for some κ-th root ζ κ ∈Q of 1. Since ζ n + ζ −1 n ∈ F for any n-th primitive root ζ n of 1, n = 1, 2, 3, 4, 6, κ | 24 by Lemma 3.3. Computing the possible values of
From the above values for a ℓ we have (in the same order)F = Q(
) and this would say that A is isogenous to g copies of an elliptic curve E/F ℓ with End
, which is not possible. Let us show that F ·F splits B, or equivalently, no prime ℘ | D splits in the quadratic extension F ·F of F . If ℘ lies above ℓ it is clear from the small list of possibilities forF above that ℘ ramifies in F ·F . If ℘ lies above a prime p = ℓ, the Tate module V p (Ã) is a F ·F ⊗ Q p -vector space of rank 2. Since B ⊂ End F ℓ (Ã) ⊗ Q andF is the center of End F ℓ (Ã) ⊗ Q, we conclude that B acts F ·F ⊗ Q p -linearly on V p (Ã). Thus B ⊂ M 2 (F ·F ⊗ Q p ), which amounts to say that F ·F splits B locally at ℘.
Hence, if F satisfies the non-splitting conditions of our statement, we reach contradiction. 2
For a fixed (even) dimension g, the degree of F over Q is g/2 and the condition on F not to contain Q(ζ n + ζ −1 n ) ⊆ F for any n = 1, 2, 3, 4, 6 excludes only finitely many fields F . Of course, this condition in our theorem above can be removed, at the cost of imposing in addition that B is not split by certain quadratic extensions of F , which can be explicitly computed in terms of κ as in the proof.
Rational points on Shimura varieties
Let O be a maximal order in a totally indefinite quaternion algebra B over a totally real number field F of degree n ≥ 1 over Q. Let g = 2n.
Fix an isomorphism ϕ : B ⊗ Q R ≃ M 2 (R) × · · · × M 2 (R) and identify both algebras. Let
be the Shimura variety attached to the reductive algebraic group G/Q such that G(H) = (B ⊗ Q H) * for any algebra H/Q. Here, A stands for the ring of adeles of Q
* . The reflex field of X C is Q and this means that there exists a canonical model X/Q of X C over Q which is the coarse moduli space of pairs (A, ι), where A is an abelian variety A of dimension g and ι : O ֒→ End(A) is a monomorphism (cf. e.g. [16, §9] , [9, Theorem 1.2]).
More precisely, let h = h(O) be the number of classes of left ideals of O up to principal ideals and let I 1 , ..., I h be representatives. By [21, p. 89] , h equals the narrow class number of F . For 1 ≤ i ≤ h, let O i denote the right (maximal) order of I i in B and let Γ i = {γ ∈ O i : n(γ) = 1}. Via ϕ, we regard Γ i as subgroups of SL 2 (R) n acting discontinuously on H, where H = {z ∈ C, Im(z) > 0} n . Then,
is the disjoint union of the complex manifolds
+ for the group of elements in B * of totally positive reduced norm. The stabilizer in B * + of an element z ∈ H is L * , where L is either F or a totally imaginary quadratic extension of F embedded in B; when the latter holds, P is called a point with complex multiplication by L, or simply a CM-point. The CMpoints correspond to pairs (A, ι) such that ι(O) End(A) and rather End(A) is an order in M 2 (L), whereas non CM-points are those for which ι is an isomorphism.
Let ω ∈ O be an element which normalizes O * and such that ω 2 = m for a totally positive element m ∈ F * \ F * 2 . Let E = F (ω) and R = E ∩ O. Multiplying by ω on the right induces an involuting automorphism of X defined over Q, a so-called Atkin-Lehner involution.
A fundamental result of Shimura [17, Theorem 0] asserts that X(Q) = ∅; in fact, X fails to have real points. It is thus natural wondering about the existence of a rational point on the Atkin-Lehner quotient X/ ω . If X/ ω (Q) = ∅, one still asks whether X/ ω (Q) consists only of (projections of) CM-points or not.
By the moduli interpretation of X, it is clear that an abelian variety A of GL 2 -type over Q together with an isomorphism ι : O ≃ EndQ(A) which restricts to an isomorphism R ≃ End Q (A) provides a rational point on X/ ω .
More precisely, let P = [A, ι] ∈ X(Q) denote the point on X associated to the isomorphism class of the pair (A, ι) and let π : X → X/ ω denote the natural projection. Note that P is not a CM-point. Moreover, the minimal (imaginary quadratic) field K of definition of the endomorphisms of A×Q is the field generated by the coordinates of P on X. We thus have P ∈ X(K) and Q = π(P ) ∈ X/ ω (Q). 
Proof.
Let P ∈ X(C) be a fixed point of ω. Since ω(P ) = P , P lies in a connected component X i of X C which is invariant under the action of ω and this amounts to say that ω normalizes O i . Write Γ = Γ i .
Let P = Γ · z for some z ∈ H. As ω(P ) = P , there exists γ ∈ Γ such that
, where t ∈ R F is the reduced trace of ω. Since L is totally imaginary, it follows that L ≃ F ( (s − 4)m) for s ∈ S as in our statement. 2
Note that if (m) ⊆ R F is a square-free ideal such that τ (m) > 4 for some embedding τ : F ֒→ R, then S = {0}.
Let ∆ ∈ Z be the square-free product of those primes p | N F/Q (disc(O)) · disc(F/Q). As shown in [8, §16] 
The natural projection π : X → X/ ω ramifies exactly at the fixed points of ω on X. By Lemma 4.1, there exist no such fixed points and π is a torsor under Z/2. By the above discussion, π extends to a smooth morphism of smooth and projective schemes over Unfortunately, the converse to our assertion above is in general false: the existence of a rational non-CM point Q ∈ X/ ω (Q) does not imply the existence of an abelian variety A of GL 2 -type over Q with End Q (A) ⊗ Q ≃ E and EndQ(A) ≃ O. Indeed, Q corresponds to an abelian variety A/Q whose field of moduli is Q, but it may very well be the case that A fails to admit a model over Q.
Determining the obstruction for the existence of a model of A over Q would allow us to derive necessary conditions for the existence of a rational non-CM point on X/ ω by means of Theorem 3.11. This seems to be in general a difficult problem (cf. e.g. [17, Theorem 9.5]); a solution was accomplished for g = 2 in [1] .
Let F = Q, let D > 1 be the square-free product of an even number primes and let m = D/N for some odd prime N . Let X D denote the Shimura curve attached to a maximal order O in the quaternion algebra B of reduced discriminant D over Q. Let X D / ω m be the quotient of X D by the Atkin-Lehner involution ω m of reduced norm m. With this notation, we have 
